The microscale damage mechanisms in brittle ceramics are investigated in detail and a Continuum Damage Mechanics (CDM) model is developed in this work to study two common failure modes in Ceramic Matrix Composites (CMC), i.e. matrix/interphase fracture and fiber sliding. In order to empower the developed framework for performing crashworthiness studies, the effect of the dynamic energy density content on the microscale fracture modes of CMCs is also considered. The CDM model is developed within a physically consistent framework that includes basic fracture mechanics of CMCs. Also the CDM model is developed in such a way that most of the material parameters are directly obtainable form the experimental data rather than cumbersome and time consuming numerical curve fitting techniques. In order to construct a computationally effective multiscale analysis platform for CMCs, this work aims to provide an asymptotic solution for a microscale representative volume element (RVE) which represents the fiber, interphase and matrix interactions. The developed asymptotic solution can capture the non-linear response of CMCs through CDM model; and it considerably reduces the computational cost of hierarchical multiscale analysis in comparison to the numerical methods, e.g. numerical models that simulate the real microstructure. The CDM model and the RVE asymptotic solution are utilized to study the microscale damage mechanisms in CMC systems. It is shown that the developed scheme performs quite well in capturing available experiments in the literature and provides a comprehensive description of microscale damage mechanisms in CMCs. The developed framework can be utilized in the future developments of the hierarchical multiscale analysis of CMC systems.
Introduction
Achieving high mechanical properties and long service lifetimes in severe environments for Ceramic Matrix Composites (CMC), which is defined as ceramic fibers embedded in a ceramic matrix, require a subtle design and analysis of the deformation and damage mechanisms. The CMC structures display lower matrix failure strain compared to their fibers, and as a result the ceramic matrix undergoes micro-scale damage mechanisms prior to the fiber failure. Although both matrix and fiber are brittle material, CMCs show a non-linear stress-strain behavior under tensile loading that is quite uncommon for ceramics. It is well-understood in the literature that non-linear response of CMCs is an efficient means of redistributing stress and eliminating stress concentrations (Evans, 1995) . This non-linear stress-strain response and ductile damage tolerable property of CMCs are ascribed to the fiber-matrix bonding properties. The strength and performance of the fiber reinforced CMCs are enhanced via the use of an interphase between the ceramic-fiber and the matrix. The interphase has several key functions in CMCs, including crack deflection, load transfer, diffusion barrier and residual stress relaxation (Naslain et al., 1995) . The interphase medium may be constructed form layered crystal structure (PyroCarbon), multilayered structures (PyC-SiC), or porous materials (rare-earth phosphates), and they are applied onto the surface of the ceramic-fiber after removing the sizing through the Chemical Vapor Deposition (Buet et al., 2014) . The interphase's functions are twofold, first it should provide a weak bonding between matrix and fiber so that the cracks are arrested by the interphase. Secondly the interphase acts as http://dx.doi.org/10.1016/j.ijsolstr.2014.07.026 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved. the load transfer medium between the matrix and the fiber, as in any fiber-reinforced composite, which supposes conversely a strong enough bonding.
The failure of the bonding in fiber reinforced CMCs is usually categorized into two classes associated with fracture of the fiber/ matrix interface (partial debonding) and fiber slip (fiber pull-out). The fracture mode involves continuum damage and degradation of the interphase layer. The fiber sliding is expected to occur when a shear stress greater than the interfacial shear resistance is applied within the interphase layer. It is worthwhile noting that for debonding and sliding to occur, rather than brittle fiber fracture, the interfacial debonding energy, i.e. C i , shall not exceed the fracture energy of the fiber, i.e. C f . As discussed by He and Hutchinson (1989) , in the case of small elastic mismatches the interface medium acts as a mechanical fuse when C i =C f < 0:25. In terms of experimental measurements, different tests were suggested to measure the interface parameters, the most commonly used being: (i) the push-through test performed with a flattened diamond tip, which is applied under an increasing load to the fiber end in a composite thin foil that is cut perpendicular to the fiber axis (Marshall, 1984) , and (ii) tensile tests with unloading-reloading hysteresis loops, performed on 1D model composites in the non-linear stress-strain domain (Lamon et al., 1995) .
From the above discussion, it appears that the fiber and matrix bonding strength should be neither too strong nor too weak. These contradictory requirements in the design of high performance CMCs, make the design of CMCs an extremely difficult materials science challenge, especially in the case of designing aerospace grade CMCs that are being used in advanced jet engines in which CMCs must reliably work in a severe environment (Naslain, 1998; Pompidou and Lamon, 2007) .
Modeling approaches for the fracture prediction in ceramics are vast. The flaw size and toughening effects on the strength of the ceramics have been studied by McMeeking and Evans (1982) and Evans (1995) who have proposed the resistance-curves for the dynamic fracture of CMCs. The resistance-curves provide mechanism based descriptions for the stable fracture of large flaws, unstable crack growth of small flaws, and the transition region. Hutchinson and co-workers have successfully developed constitutive models for CMCs and have implemented them in finiteelement codes (Xia et al., 1993; Xia and Hutchinson, 1994) . Moiré Interferometry experiments by Genin and Hutchinson (1997) have shown the difference between CMC loaded in tension and shear where shear band localization occurs. Holmquist and Johnson (2005) and Holmquist and Johnson (2008) link the inelastic deformation of ceramics to microcrack formations. Damage mechanics of CMC have also been widely studied in the literature. For example, Talreja (1991) discusses a thermodynamics based formulation of constitutive relationships with internal damage variables to derive the stress-strain-damage relationships. High temperature damage mechanisms of CMCs are studied by Sørensen et al. (1993) , Maire and Chaboche (1997) and Maire and Lesne (1997) . Clayton and co-worker have study the mesoscale modeling of dynamic fracture of ceramics (Clayton, 2005; Clayton et al., 2012) .
Simulation of progressive fracture in composites encounters with a few computational challenges including stress singularity at the crack tip, ill-posed constitutive relation due to the crack tip localization effects, and estimating the correct path and length for each crack propagation. Several computational methods have been developed during past decades to address these milestones, including Cohesive Zone Model (CZM), Extended Finite Element Model (XFEM), and Phase Field Model (PFM). One may notice that one of the major limitations for CZM approach is that the crack propagation path needs to be known as a priori to lay specialized cohesive elements within that path to simulate the fracture (Ouyang and Li, 2009a,b; Ji et al., 2010) . Thus, a random tortuous crack path is usually replaced by a straight line crack. Also the CZM material parameters suffer from mesh dependency. XFEM approach, proposed by Belytschko and Black (1999) and Song et al. (2006) , utilizes enriched elements in which cohesive properties of the material system controls the degeneration and splitting of the enriched elements (Fries and Belytschko, 2010) . The PFM method, introduced by Cahn and Hilliard (1958) , considers the damage as a phase transformation process in the material system and provides constitutive description for the evolution of the microvoids and microcracks (Voyiadjis and Mozaffari, 2013) . The multiscale CDM framework in this work has the following features :
(1) The CDM is formulated based upon the damage dissipation energy and the fracture path evolves naturally based on fracture and thermomechanical properties of the CMCs. (2) For finite element analysis (FEA) implementation purposes, there is no need for specialized elements, such as cohesive element; and CDM utilizes the conventional elements available in standard FEA packages. (3) The CDM can be coupled with plasticity constitutive relations in order to study the elasto-plastic-damage response of the CMC system. (4) In the case of highly localized problems, such as crack tip stress-strain fields, a strong mesh dependency is observed in FEA results, which is due to the ill-posedness of the elasticity constitutive relations (de Borst and Muhlhaus, 1991; de Borst and Sluys, 1991; . The dissipated energies within these localized fields decrease upon the mesh refinement steps. This issue is usually alleviated by introducing a characteristic length into the CDM formulation. The energy dissipated during the damage process is specified per unit area, not per unit volume (ABAQUS, 2013) . Hence, the damage dissipated energy is treated as an additional material parameter and it is used to compute the displacement at which full material damage occurs. This formulation ensures that the correct amount of energy is dissipated and greatly alleviates the mesh dependency. Consequently the softening response of the constitutive law is expressed based on a stress-displacement relation, in which the displacement is computed from the energy descriptions, e.g. plastic and damage dissipation energies, instead of the ill-posed constitutive relations.
Despite recent progress on the modeling of fracture in CMC, there remains a need for an alternative Continuum Damage Mechanics (CDM) formulation to capture its dynamic fracture response in a physically consistent manner. It is worth noting that nearly all micromechanical models of CMC assume that their fibermatrix interface has no thickness even though it typically ranges between 0.1 lm and 1 lm for fibers of diameter between 7 lm and 20 lm -see Naslain et al. (1995) and Naslain (1998) . This paper presents a multi-scale model, formulated within a CDM framework, to investigate the effects of interface strength, material properties and fiber/interface size effects on the overall mechanical properties of CMCs. The CDM model is formulated within the fracture mechanics framework, and it takes into account the physics behind the microcracking process, interaction between microcracks and the effects of dynamic energy density. Predictions by the CDM model are compared to experimental data and they will be shown to be in good agreement.
The manuscript is organized as follows.
Section 2: The constitutive relation between elastic strain and Cauchy stress is introduced.
Section 3: The initiation and propagation of various types of damages are formulated, including (a) matrix and interphase fracture (Section 3.1), and (b) fiber slippage (Section 3.2). Section 4: The effect of dynamic energy density on damage initiation and evolution is considered. The required changes in the CDM model evolution laws are introduced in order to take into account the dynamic energy density effects. Section 5: An asymptotic boundary value problem (BVP) solution for a single fiber, surrounded by interface and matrix phases, is considered in order to study the damage mechanisms in microscale. This microscale representative volume element (RVE) serves as a unit cell in the multiscale approach in which a mesoscale RVE is later built up by considering interaction of several unit cells and homogenization techniques are used to link the mesoscale and macroscale state variables and fields. Introducing the mesoscale model and homogenization approaches are the topics that will be covered in a forthcoming paper by the authors. Sections 6 and 7: Present the computational aspect and results, respectively.
Kinematics and constitutive damage model of brittle ceramics
Based on a small strain framework, the additive decomposition of the total strain rate _ ij into its elastic _ e ij and damage _ r ij strain rate components holds as follows:
The constitutive relations for _ e ij and _ r ij will be formulated later. The CDM models with capabilities of representing material nonlinearities (i.e. nonlinear stress-strain relations), and finite strains and large rotations can be found in Krajcinovic (1996) and Clayton (2011) .
Nucleation and growth of microcracks lead to a 'deterioration' of the macroscopic elastic properties either in the form of added elastic flexibility (or diminution of elastic stiffness) or/and induced material anisotropy (Lemaitre and Dufailly, 1987) . In the case of brittle materials, damage-related irreversible deformations may develop due to the residual opening of microcracks after unloading (Lemaitre and Chaboche, 1990) . The constitutive equations of the damaged material can be expressed in the general form of ij À r ij ¼ S ijkl r kl , where ij and r ij are the applied and residual inelastic strain tensors, respectively; S ijkl is the damaged compliance fourth order tensor; and, r kl is the Cauchy stress tensor. In the coordinate system associated with the principal directions of the damage tensor, the strain-stress equations can be expressed in a standard matrix format, by using the Voigt notation, given by 
where G 12 , G 23 and G 31 are shear moduli in different principal directions. It should be noted that orthotropic symmetry is assumed a priori in Eq. (2); unless otherwise the most general form of the elastic stiffness tensor would have 21 elastic constants for a triclinic material. An energy-based approach is used here to determine the elastic compliance tensor. It is assumed that the undamaged material exhibits a linear elastic behavior during loading or unloading. In addition, the effects of microcracking on the free energy function are also assumed to be small so that it may be expressed as a linear function of the damage tensor. Based on the previous works of Hayakawa and Murakami (1997) , the following form of the Gibbs free energy function is adopted here Experimental observations indicate that elastic moduli decrease and the Poisson's ratios increase as microcracks grow. These observations impose physical bounds on the values of the three model parameters as follows: a 1 P 0, a 3 P 0, a 2 6 0, and a 1 þ a 2 > 0 ( Lemaitre and Dufailly, 1987) .
The internal damage variable tensor, D ij , is used to characterize damage state of material. The r ij tensor denotes the inelastic damage strain which is the residual strain upon unloading and reduction of the stress to zero. Therefore, the principal elements to be completed are the specification of an evolution law for the damage variable, and the evaluation of the added compliance tensor through a CDM approach to be described in Section 3, and finally the inelastic damage strain is computed using a return mapping solution scheme described in Section 6.
Microcracking damage evolution rules
In the context of CDM, the density of micro-flaws are represented by a damage parameter (Kachanov, 1958; Murakami, 1988) which has been generalized by Voyiadjis et al. (2012) to account for healing effects. Following Sayers and Kachanov (1991) and Lubarda and Krajcinovic (1993) , the state of anisotropic damage will be introduced via a second rank damage tensor, D ij . It is assumed that the anisotropic damages can be mapped onto the three principal directions to give the following damage tensor
where d i is the damage parameter in the different principal directions, to be defined later. Two separate damage parameters will be introduced in Sections 3.1 and 3.2 to capture microcracking within matrix/interface, and fiber sliding. It is assumed that damage occurs prior to fiber fracture. The principal of strain equivalence is often used in CDM to establish the relations between damaged and undamaged material properties (Voyiadjis and Kattan, 2006; Voyiadjis et al., 2011 Voyiadjis et al., , 2012 . Here, the same approach is adopted to formulate the anisotropic damage process in ceramics. As proposed by Lemaitre, two scalar damage parameters can successfully capture the anisotropic damage mechanics of materials given by Lemaitre (1984) and Lemaitre and Dufailly (1987) 
where E and v are the elastic tensile modulus and Poisson's ratio of the undamaged ceramics. In addition, a cumulative damage correlation is introduced to account for interfacial fracture and sliding effects given by
where I i is the unity vector. It should be noted that d s is only active within the interface, while d f i is updated in both matrix and interface media. As is obvious from Eq. (7), the accumulation of damage reduces the elastic tensile modulus from E to zero but increases the Poisson ratio from v to 0.5. This has the effect of reducing the stiffness of the CMC system, in other words, increasing compliance.
Matrix and interphase fracture modes and evolution of fracture damage parameter
Depending on the manufacturing process and loading history, the orthotropic microstructure of CMC may contain existing micro-defects that introduce further anisotropy within the fracture process zone. Due to these anisotropy effects, the CMC system will experience a 3D state of stress at the microscale, even when subjected to uniaxial tensile or compression. The hydrostatic tension and deviatoric part of the applied stress are the major drivers for the nucleation and propagation of micro-crack which deteriorates the CMC's elastic properties. In the case of matrix and/or interfacial microcracking and fractures, the fracture damage parameter, i.e. d f i , captures the shear stress driven damage mechanisms. In present work the deviatoric part of the applied stress controls the microcracking process via a fracture mechanics based CDM model. The microcracks, within the RVE, are mapped into their respective principal directions and the average rate of their propagation is considered (Nemat-Nasser and Horii, 1982; . The shear damage parameter is introduced based on works by Sayers and Kachanov (1991) and Lubarda and Krajcinovic (1993) , who have developed fracture mechanics based CDM models as follows
with i ¼ 1; 2; and 3 ð9Þ
k¼1â ik (no summation on ''i'') is the averaged microcrack length in the ith direction and is known as ''the representative micro-crack length'', a i0 is the initial length of the micro-flaws at ith direction, and a c is the critical crack length for which the instable fracture occur at ith direction. It is assumed that a i0 is equal to the average grain size in each of the principal directions. The constitutive relationship forâ i is introduced based upon the classical normality flow rule in which the state of the deviatoric stress is the microcracking driving force given bŷ
is the effective applied deviatoric stress; and j _ a 0 j is a reference microcraking rate given by
where a 4 and a 5 are material parameters that control the rate of microcracking, and l is the shear modulus of ceramic. Eq. (11) resembles the classical dynamic flow rule of dislocation in polycrystalline materials (Frost and Ashby, 1982) . Having introduced the microcracking flow rule, the microcrack initiation criterion must be specified next. The criterion is developed based on the fracture mechanics of ceramics. Nemat-Nasser and Hori have introduced the concept of sliding cracks in which the normal and shear stresses, applied to the crack surface, are used to predict crack advances in mode-I and mode-II fractures (Nemat-Nasser and Horii, 1982) . This concept is generalized by Shojaei et al. who proposed a CDM model for dynamic fracturing of polycrystalline materials , where the crack propagation is linked to the state of the applied stress triaxiality. If a tensile pressure is assumed to act within the fracture process zone in which tensile pressure opens the crack surfaces and eliminates the contact between crack faces. Further propagation of the microcracks in this case will be in mode-I, -II, -III or their combination thereof. When the applied pressure is compressive, the frictional sliding between the crack surfaces plays an important role (Nemat-Nasser and Horii, 1982) . Considering the shearing nature of failure under compressive and tensile pressures, the crack initiation criterion can be written as 
r kk is the hydrostatic pressure; K ðiÞ IC is a representative of the ceramic's fracture toughness at the ith direction (mode-I critical stress intensity factor herein); and, v 3 is a proportionality factor that accounts for the interaction between propagated micro-cracks. Parameters v 1 , and v 2 are material parameters that account for frictional sliding effect in presence of compressive pressure fields, i.e. k < 0; and are given by
The proportionality factor is
where l c is the Coulomb's friction coefficient for in-contact crack surfaces. The parameter v 4 is a material constant that accounts for the effect of micro-crack interactions in an unstable fracture process. The material parameters in the damage criterion are determined by the microstructure of the ceramics and have to be measured experimentally. The two material constants, i.e. v 4 and a c , are directly determined from experimental data. The reference critical damage length, a c0 , is calculated as follows ) for their interphase (Naslain et al., 1995) . Another critical factor in Eq. (15) is the role of the applied pressure on the value of ultimate strength of the ceramic, i.e. r mu . It is well understood that ceramics are tough under applied compressive pressures but have low strengths when subjected to tensile pressure fields. Thus, the reference crack length, a c0 , is implicitly a function of the applied pressure field. Since damaged elastic properties E and v are used in Eq. (15), a c0 must be updated during the course of deformation depending on the state of the damage. For a typical ultimate strength of 180 (MPa) for a CMC system, Eq. (15) results in critical crack lengths of 5.3 (lm) for the ceramic matrix and 1.3 (lm) for the interphase, beyond which the material point can be assumed to have failed. The last material parameter to be found is v 4 which must be calibrated based on the triaxial test data as follows
where subscripts ''peak'' denotes the peak load in the triaxial test (Chan et al., 1992; Shao, 1998) .
3.2. Fiber slippage and shear failure of the interface layer 3.2.1. Interface frictional force effect on the strength of the interphase Fiber debonding due to shear, i.e. fiber sliding, includes friction at contacting asperities, resulting in a slip zone subjected to frictional stress s which is in the order of 100 (MPa) magnitude for SiC/SiC system. The frictional stresses may diminish with cyclic loading and increase with oxidation (Yang et al., 1990; Evans et al., 1995) . The bonding slippage occurs when the applied shear within the interface layer exceeds the interfacial shear resistance, s ðiÞ y . Due to the fact that most of ceramic fibers exhibit some roughness at the nanometer scale, the shear strength can be expressed as s ðiÞ y ¼ s 0 l c r n , where s 0 is a 'constant' term associated with surface roughness of ceramic fibers, l c is the Coulomb friction coefficient and r n (subscript indicates the normal direction) is the clamping stress normal to the interface.
In a fiber reinforced CMC system, the effects of friction between fiber and interphase play a crucial role. If the frictional forces are too large, the extent of fiber debonding is small leading to premature fiber breakage; this severely limits the damage tolerance of CMC (see schematic in Fig. 1 -dashed blue line) . On the other hand, if the frictional bonding between the fiber and interphase is weak, then the pullout dissipative work will be small (see Fig. 1 solid red line). Hutchinson and Jensen have proposed several models to find the optimum level of the frictional forces in CMCs (Hutchinson and Jensen, 1990) .
The sensitivity of the CMC's shear strength s i to the confining stresses can be defined based on a model proposed by Johnson (2005, 2008) . Assuming that CMCs have zero shear strength for tensile confining pressures, r n > 0. The shear strength of the CMC interphase is assumed to increase linearly from zero jsj 
Furthermore, the effect of the temperature on the shear strength can be taken into account by the following relationship:
where T Ã is the homologous temperature, to be defined later in Eq.
(22).
Formulating the fiber sliding damage
The slippage damage within the interphase medium is now considered and the sliding damage vector d s i will be introduced. The load transfer mechanisms in CMCs include debonding and fiber pullout and they have been studied in detail by Hutchinson and co-workers (Hutchinson and Jensen, 1990; Liang and Hutchinson, 1993) in which the debonding is treated as a mode-II fracture. In general, the fiber sliding damage process in CMCs may be categorized into 4 separate phases as follows:, (i) elastic deformation: the fiber/interphase bonding remains intact and the RVE behaves in a linear elastic manner, (ii) debonding region: bonding between fiber and interface gradually degrades and the non-linear response of the RVE indicates the presence of inelastic damage strains, (iii) load drop: caused by fiber fracture leading to a decrease in the load carrying capacity of the RVE; and, (iv) fiber pullout: frictional sliding caused by pulling out of broken fibers. As depicted in Fig. 1 , upon the initiation of the toughness of the CMC system will depend on the extent of the debonding before fiber breakage and the work dissipated by friction sliding during the fiber pullout.
In order to formulate the damage parameter a few assumption will need to be made. A conservative assumption is to assume that the RVE reaches its failure point when fiber fracture occurs, i.e. and, c 2 is a factor that controls the damaged nonlinear response of the RVE. Note that Q f denotes the ultimate resistive force for the RVE before fiber breaks and S is the undamaged slope of the loaddisplacement curve within the elastic region. Both Q f and S can be measured experimentally as shown schematically in Fig. 2 . One may wish to note the difference between experimentally measured displacements which is accompanied with an 'overhat', viz. b d i and b d max , whilst the theoretical displacements, utilized in the damage law, are shown in the regular notation, i.e. d i and d f . The idealized response of the RVE through the proposed damage parameter is depicted in Fig. 2 . It is worth noting that all material parameters in Eq. (20) are obtainable from fiber pullout experiments with the exception of the exponent c 2 to be obtained by curve fitting.
The sliding damage parameter d s i is only active within the interphase fracture process zone and it captures the fiber pullout process.
Dynamic energy density effect on fracture response of CMCs
The dynamic fracture of polycrystalline materials can be categorized based upon the state of the applied stress triaxiality, i.e. k ¼ r kk
3jsj
, in which five distinguishable failure regimes are observable. Let k 1 , k 2 and k 3 , which are material parameters, define the boundaries between these regimes. These material parameters are available in the literature for different materials. These five regions are classified as follows:
-Regime (I) with k < Àk 1 : Compaction of the microvoids and microcracks, where the highly compressive applied hydrostatic stress results in no micro-flaw nucleation or propagation. -Regime (II) with Àk 1 < k < 0: As discussed earlier frictional sliding may have a profound effect on strength and damage mechanisms in CMCs in which the Coulomb friction coefficient, l c , comes into play. The CDM model needs to take into account this effect in both damage initiation and growth rate equations. -Regime (III) with 0 < k < k 2 : In this regime there is no compaction and in absence of compressive residual stresses, microcrack surfaces lose their contact and they propagate without sliding friction effect. -Regime (IV) with k 2 < k < k 3 : Due to the high level of the applied tensile pressure in this regime, the dominant degradation mechanism is ductile damage.
-Regime (V) with k > k 3 : Most of the dynamic problem with high energy densities can be considered in this regime, e.g. high velocity impact. The spall fracture occur at very high tensile hydrostatic pressure fields and it may require a separate set of damage equation to account for the tensile spall failure mode. Also a proper Equation of State (EOS) is required in this region ).
In the case of regime (I)-(III), to account for the effect of the dynamic energy density, the critical crack length is linked to the state of the stress triaxiality. As mentioned earlier, regime (V) requires definition of EOS that is out of scope of this work.
In the case of highly negative stress triaxialities, i.e. Regime (I), the micro-flaw's surfaces are pushed together and formation of new fracture surfaces is prohibited by the compressive hydrostatic stress. In this case, the critical crack length is assumed approaches to infinity, i.e. a c ! 1, which results in negligible damage rates in matrix and interphase, i.e. _ d f i ! 0. On the other hand, when the stress triaxiality achieves a large positive value, the flaw's free surfaces lose their contact and the tensile hydrostatic pressure field facilitates their propagations. In this case, the critical crack length, a c , is approached to zero which results in higher damage rates. The critical crack length, i.e. a c , is defined by:
where a c0 is the reference critical length, Da c0 indicates the level of the variation in a c0 with respect to the level of the k, and w 1 , w 2 and w 3 are material parameters to calibrate the effects of respective stress triaxiality, strain rate and temperature. The homologous temperature, T Ã , is defined by:
where T (K) is the current temperature, T tran (K) is the transition temperature which shows the flow stress is temperature independent for any T < T Tran ; and T melt indicates the melting temperature. For the parameters w 1 , w 2 and w 3 , while in this work experimentally established values for monolithic ceramics are utilized as reference values (Steinberg, 1996) , more sophisticated experimental data are required to accurately find these values for CMC's dynamic fractures. Also, it is assumed that
, which is based on previous studies on dynamic fractures of material systems Wierzbicki, 2004, 2005) .
Microscale model: asymptotic solution of a cylindrical RVE
An analytical approach is developed to capture the interactions between fiber, interphase and matrix in CMCs at the microscale. Fig. 3 shows a schematic of the RVE at the microscale in a cylindrical coordinates systems, viz. r, h and z. r f , r i and r m denote the outer radius of fiber, interphase and matrix media, respectively. Equilibrium, strain-displacement, and stress-strain relationships for the specific configuration shown in Fig. 3 are now reviewed. To simplify the formulation it is assumed that all the three phases are isotropic, although the formulation can be readily extended to the orthotropic case by replacing the isotropic stiffness with the respective orthotropic stiffness matrix. The equilibrium equation in the case of axisymmetric problem is (Barber, 2002) @r r @r þ r r À r h r ¼ 0; and The strain-displacement relations in the cylindrical coordinate are also given by
where i and u i are strain and displacement fields, respectively. The stress-strain relation, i.e. constitutive model, follows the standard Hook's law:
where e ¼ r þ h þ z is the dilatational strain, and E and v are elastic modulus and Poisson's ratio, respectively. The displacement based governing relations are achieved through substituting Eq. (24) into Eq. (25) and then inserting the resulting relations in Eq. (23) to obtain:
The solution to Eq. (26) needs to be defined for the fiber, interphase and matrix phases. Let the superscripts ''f'', ''i'' and ''m'' denote fiber, interphase and matrix phases, respectively, and the solution to Eq. (26) 
(ii) Assuming a prefect bonding without sliding effects, from continuity of displacement along the z direction, one obtains
An alternative to Eq. (29) is to use the equilibrium relation. Assuming a uniformly distributed stress within the cross-section of the RVE shown in Fig. 3 , one obtains
Thus, the assumption of the perfect bonding (no fiber sliding) can be relaxed in the case of fiber sliding damage by replacing Eq. (29) with Eq. (30). (iii) It is assumed that a radial tensile pressure P is applied to the outer boundary of the RVE as shown in Fig. 3 . From Eqs. (23), (24) and (27), one obtains 
One may assume r 
Computational aspect
In a three-scale hierarchical multiscale analysis, including micro-, meso-and macro-scales, the underlying deformation mechanisms at micro-and meso-scales can be linked to the macroscale responses through numerical, analytical or sequential approaches (Fish, 2013; Shojaei and Li, 2013) . In the case of numerical based multiscale analysis in which the real microstructure of a system may be modeled through FEA, the computational cost of microscale solvers may limit the applicability of such analysis. Thus, asymptotic solutions may be considered as powerful alternatives to those costly numerical methods in which they can solve the microscale problem and then pass the localized deformation data to meso-and macro-scale solvers through sequential approaches. In order to consider the real microstructure of a CMC system a three-phase cylindrical RVE, representing the fiber, interphase and matrix phases, is developed in this work. The asymptotic solution of the RVE can significantly reduce the computational cost for the non-linear analysis at microscale. Fig. 4 schematically shows the multiscale modeling approach in which several length scales are correlated through sequential multiscale modeling approach. The present work provides the asymptotic solution for the microscale BVP. In a forthcoming paper by the authors microscale unit cells are assembled together to construct a mesoscale model where several damage mechanisms due to the interaction of unit cells are considered. The mesoscale model is then linked to the Structural Scale Analysis through Reduced Order Homogenization Techniques (Fish, 2013) .
The stated governing relations in Section 5 for cylindrical RVE can be solved to obtain the state of elastic stress and strain. In the case of a load controlled problem, the state of stress is given and the residual strains are calculated through Eqs. (2)- (5). This includes calculating the undamaged elastic strain, viz. D ij ¼ 0 ij , and calculating the damaged elastic strains via Eq. (5), and then the residual inelastic strain is given by the difference between the two damaged and undamaged states. The same procedure can be followed for the case of deformation controlled loading.
The iterative return-mapping algorithm for the case of deformation-controlled condition is given here. Let the superscripts ''n'' and ''k'' denote the time step and iteration numbers, respectively. For simplicity, the algorithm for the case of 1D loading condition is outlined here. The iterative procedure is easily generalized to the case of 3D cylindrical RVE with both matrix/interphase and fiber sliding damages. The numerical method steps are:
Step 1: The time step is increased, i.e. n ¼ n þ 1, by applying the loading rate, i.e. _ x . Then the elastic stress _ r ðn;kÞ x is computed from Hook's law. One may note that before the damage initiation the applied strain rate is the same as elastic strain rate _ eðn;kÞ x ¼ _ x .
Step 2: The damage initiation criterion, i.e. F a , is checked. IF F a ¼ 0 then proceed to Step 3, ELSE go back to Step 1.
Step 3: Assuming a primary crack rate at the ith direction, i.e. _ a ðn;kÞ i . The initial guess for the crack rate is a fraction of a c , i.e. _ a ðn;kÞ i ¼ 0:001a c , or it is the converged rate from the latest time step.
Step 4: Update the crack length aŝ 
Step 5: Update the fracture damage parameter d f i (Eq. (9)).
Step 6: Update the damaged elastic properties from Eq. (7), and update the elastic compliance matrix, S ij .
Step 7: Compute the residual strain r i from Eq. (2). Note that the residual strain is computed incrementally. In other words, the residual strain at time step, n, is obtained by: 
Step 8: Update the elastic strain rate based upon computed residual strain as:
Step 9: Compute the stress based upon updated elastic strain rate from Hook's law, i.e. r ðn;kÞ i , and calculate the deviatoric part of the applied stress, i.e. s ðn;kÞ i .
Step 10: Compute the updated crack length advance rate_ a ðn;kþ1Þ i from Eq. (10).
Step 11: Calculate the error in difference between the assumed, _ a 
AND go to step (4). The above implicit numerical method ensures that the computed cracks lengths comply with the flow rule, and ensures the state of equilibrium in the damaged medium is achieved. Another numerical approach to solve the brittle damage problem is to use smaller time steps and solving explicitly the flow rules to determine the crack lengths (Simo and Hughes, 1997) .
Results and discussions
The experimental data given in Gundel and Miracle (1998) and Gundel et al. (1999) , are used to calibrate the damage model for CMC reinforced by SiC fibers. In their works a specific type of specimen, called cruciform specimen geometry, is utilized to study the interface strength in single and multiple-fiber CMC composites under transverse tension. The applied macroscopic stresses in these tests are not essentially equal to the local interface stresses, and they may depend on various parameters including the specimen geometry, fiber interactions and inherent defects. Here we utilize the transverse tensile test of a single fiber to calibrate the matrix/interface fracture modes. One may note that effects such as fiber interactions, inherent micro fractures and broken fibers, can be included in the meso-scale modeling which is the subject of a forthcoming paper by the authors. Table 1 summarizes the matrix, interphase and fiber properties that are utilized to calibrate the fracture damage mode. The stressstrain response of the RVE under deformation controlled loading is depicted in Fig. 5 , where non-linearity from inelastic damage strain is successfully captured.
Most of the material parameters in Table 1 , used in plotting Fig. 5 , are known through experimental testing, and only two material parameters a 4 ; and a 5 need to be iterated numerically to find the best fit between experimental data and simulations. Fig. 5 portrays the experimental results that are used to verify the cylindrical RVE response under applied radial loads on its boundary. As shown in Fig. 5 , the specific design of cruciform specimen provides the localized deformation data for a single fiber configuration and it can effectively represents the microscale deformation mechanisms in a CMC system. The lateral far field applied load, i.e. P is Fig. 5 , results in uniform radial stresses around the fiber within the gauge length zone. Then it is assumed that the localized deformations, beneath the strain gauges, resemble the cylindrical RVE mechanical responses. Fig. 6 represents the radial stress distribution within the interphase and matrix phases across the thickness of the RVE. There are 6 curves in this graph representing different levels of applied stresses. Curve (1) shows the stress distribution for the case of undamaged medium below the damage initiation criterion. Curves (2) and (3) show the stress distribution for the partially damaged RVE in which internal layers of the RVE are damaged while the outer layers of the RVE remain intact. The jump in stress distributions indicate the relaxed stresses within the damaged portions. Curve (4) presents the stress distribution before reaching to the critical damage value and curves (5) and (6) depict the Table 1 Material properties and damage parameters for a CMC system reinforced with uncoated SiC fiber under matrix/interphase fracture mode (Gundel and Miracle, 1998 progressive failure of the internal elements of RVE due to reaching the maximum degradation. Fig. 7 shows the distribution of the fracture damage parameter across the thickness of the cylindrical RVE in which curves (1) and (2) demonstrate partially damaged RVE, curve (3) shows the damage distribution for all RVE layers, and curves (4) and (5) show progressive failure of the RVE internal layers (critical damage level is set to 0.5 here).
In the case of fiber sliding damage analysis, the CMC system is assumed to be reinforced by Nextel™ 720 fibers in order to validate the simulations with available experimental data. The fiber properties are indicated in Table 2 , after (Wilson, 1997) experiments. A typical pullout experiment, after (Zhandarov and Mäder, 2005) , is presented in Fig. 8 It is worth noting that all material parameters for simulation of fiber sliding, presented in Table 2 , are known from experimental testing, and the only parameter which need to be found from numerical curve fitting techniques is c 2 . The effect of various c 2 values on the force-displacement response of unit cell model is parametrically studied in Fig. 8 .
In the case of load-displacement simulation it is worthwhile noting that the undamaged slope, i.e. S, which is active within d i > d, should be substituted by the damaged slope, i.e.
Most of the experimental results in the case of fiber sliding tests are reported in the form of force-displacement curves. There may be a need to link the load-displacement experimental data to the stress-strain response of RVE. Specifically, this is important for FEA implementation of CDM models in which stress and strain are available from FEA solvers. Then, the stress and strain data can be readily passed to the CDM models from FEA solvers and it is more feasible to work with stress-strain based CDM models compared to force-displacement formulation that may result in some computational difficulties. In order to link the force-displacement and stress-strain curves we need to consider the stress transfer mechanisms in fiber sliding case. The problem statement is that the force applied, i.e. Q, on the fiber in a pullout test results in shear stress distributions within the RVE and interphase. In the case of fiber sliding damage it is required to correlate the applied force, Q, to the resultant shear stresses within the interphase medium, i.e. s ðiÞ . From the shear stress definition one may define the relation between Q and s ðiÞ as follows:
where d f is the fiber diameter and L t is the load transfer length that needs to be defined. Early studies concerning load transfer mechanisms in fiber reinforced composites and variation of stresses along the length of the fiber have been performed by Cox (1952) and Dow (August, 1963) . It can be readily proven that the critical load transfer length, L c , which defines the minimum fiber length that is required to achieve the maximum allowable fiber stress, r fu , is given by Jones (1999) :
It is assumed that L t ¼ L c for our RVE configuration. The shear stress-strain response of a RVE under sliding damage effect is depicted in Fig. 9 .
All of the abovementioned simulations are carried out for the case of quasi-static loading, i.e. k ¼ 0. To investigate the effect of the dynamic energy density on the mechanical responses of cylindrical RVE, three different loading scenarios are parametrically investigated here. Load (2) in Fig. 10 shows the quasi-static loading, k ¼ 0, and load (1) represents a loading condition with highly compressive hydrostatic pressure where the damage mechanisms are almost diminished from RVE. Load (3) in Fig. 10 illustrates the case of tensile hydrostatic pressure field in which tensile dilatational waves aggrandize the damage effects and the RVE shows softer mechanical behavior. Table 3 presents the material properties for dynamic fracture analysis of RVE. One may note that the effects of the loading rate and temperature are ignored herein by setting w 2 and w 3 to zero. In real applications these material parameters need to be calibrated against experimental data through curve fitting techniques.
The present multiscale CDM model accounts for the loading rate and temperature effects through Eq. (21). Because the experimental data regarding strain rate and temperature effects in microscale level are not currently available, those effects are ignored in Fig. 10 by setting w 2 ¼ w 3 ¼ 0. More sophisticated experimental testing is under investigation by the authors to study the rate of loading effect on damage responses of CMC systems in microscale level. In the case of dynamic loading effects of CMC structural responses one may notice that the propagated shear and dilatation stress waves control the damage mechanisms in the CMC system. It is instructive to mention that once the present Unit Cell model is Fig. 8 . Simulation of force displacement and sliding damage parameter d s and experimental data for fiber pullout test (Zhandarov and Mäder, 2005) , including the effect of the material parameter c 2 on the simulated responses. Fig. 9 . Shear stress-shear strain response of the interphase medium in the case of fiber sliding damage. linked to the Mesoscale and Macroscale constitutive levels (see Fig. 4 ), the multiscale model can be implemented in FEA software to study structural scale problems. Eventually in a FEA model each integration point represents a mesoscale model, where the induced shear and dilatation stress waves are passed to the Mesoscale and Microscale models and their effects on Microscale damage mechanisms are captured via Eq. (21).
Concluding remarks
Continuum damage mechanisms in fiber reinforced CMC systems are considered to develop a microscale RVE which provides comprehensive description for dynamic fracture of CMC at microscale. Two common failure modes in CMCs are then investigated including the matrix/interphase fracture mode and fiber sliding. The effect of the dynamic energy density is also taken into account to empower the developed CDM models for simulating dynamic fractures in CMCs. The available experimental data in the literature are incorporated to verify the simulation results and it is shown that the developed framework provides a physically consistent analysis platform for CMC damage analysis.
It is worthwhile noting that the present work provides microscale solver for a hierarchical multiscale analysis of CMCs where the failure mechanisms in high throughput CMCs are studied through three scales consisting of: (i) micro-scale: which concerns the localized deformation within the fiber-matrix interfacial zone; (ii) meso-scale: in which several practical effects are taken into account, such as ends-effects that includes the stress concentration of fractured fibers, fiber interactions and initial microcrack density; and (iii) macro-scale model: where the damage variables from micro-and meso-scales are linked to the macroscopic behavior through homogenization techniques.
The present work concerns constitutive modeling and microscale asymptotic solution for the microscale solver. In a forthcoming paper by the authors the meso-and macro-scale analysis will be carried out and a FEA user-defined code will be developed based on the Reduced Order Homogenization (ROH) techniques (Fish, 2013) to capture the dynamic fracture behavior of the CMCs under complex dynamic loading conditions. 
where v i with i = 1-25 are constants, given in Table A1 .
Table A1
Summary of constant parameters.
v 1 ¼
